We study the geometry of a knot invariant defined in terms of the quantum dilogarithm function. We show that a hyperbolic structure naturally arises in the classical limit of the invariant; the completeness conditions can also be identified with the saddle point equations by studying a (1,1)-tangle.
Introduction
After the discovery of quantum groups, the interest in quantum invariants has been renewed, and we have now infinitely many knot invariants. In contrast to the fact that the Alexander invariant was defined from the homology of the universal Abelian covering, the geometrical meaning of those quantum invariants remains unclear. A key to solving these problems comes from Kashaev's observation 1, 2 that the asymptotic behavior of Kashaev's knot invariant, which was later shown 3 to coincide with a specific value of the colored Jones polynomial, gives a hyperbolic volume of the knot complement,
where · is the Gromov norm, v 3 is the hyperbolic volume of the regular ideal tetrahedron, and J N (K) = V N (K; e 2πi/N ) is given in terms of the colored Jones polynomial V N (K; t) for the knot K (N -dimensional representation of s 2 ).
This paper is a continuation of Ref. 4 . Therein we showed that a hyperbolic structure naturally arises from a knot invariant, which was defined by use of the infinite-dimensional representation of the quantum dilogarithm function. In this sense this invariant can be viewed as a non-compact analogue of Kashaev's invariant. We found that the saddle point equations which denote a critical point of our invariant, coincide with the hyperbolicity consistency conditions in gluing ideal polyhedra. One purpose of this paper is to prove that the completeness condition is also given through a classical limit of our knot invariant τ 1 (K) together with a suitable (1,1)-tangle. See Ref. 5 for a geometrical study of Kashaev's original invariant. This paper is organized as follows. We briefly review the construction of our knot invariant in Sec. 2. The essential tool is the S-operator which solves the five-term relation. In Sec. 3 we give a 3-dimensional picture 4 of our invariant by assigning an oriented tetrahedron to the S-operator. In the classical limit the tetrahedron can be regarded as an ideal hyperbolic tetrahedron. We clarify how completeness is given from our invariant by studying a related (1,1)-tangle. In Sec. 4 we define a quantum invariant of 3-manifold M based on the ideal triangulation of M . The last section is devoted to concluding remarks. We discuss the relationship between the classical limit of the quantum invariant and the hyperbolic volume. Throughout this paper we use Euler's dilogarithm Li 2 (z), Rogers' dilogarithm L(z), and the Bloch-Wigner function D(z), which are respectively defined by
Knot Invariant
We introduce the S-operator, acting on two spaces V ⊗ V,
Here we have used the canonical operators, [p j ,q k ] = −2iγδ j,k , and
which can be regarded as a modular double of the q-exponential function. 6 The S-operator satisfies the five-term relation,
By recursive use of this five-term relation, we see that the R-operator
where t a is the transposition on the a-th space and P a,b is the permutation operator, solves the Yang-Baxter equation (braid relation), R 12,34Ř34,56Ř12,34 =Ř 34,56Ř12,34Ř34,56 ; =
We define a knot invariant from this R-matrix. For this purpose we give the matrix elements and their classical limit (γ → 0) in the case of V being the momentum space,p|p = p|p with p ∈ R; 
Here we have set
which satisfies
Recalling the fact that the volume of an ideal tetrahedron in 3-dimensional hyperbolic space H 3 is written in terms of the Bloch-Wigner function, 10, 11 and that the Rogers dilogarithm function is a natural complexification of the hyperbolic volume, 12, 13 we can expect that the S-operator at the critical point is closely connected with an ideal tetrahedron in H 3 . We can define the knot invariant from the enhanced Yang-Baxter operator
Here ξ denotes the braid group representation with n strands of link L, and bŘ(ξ) is to substitute the operatorŘ (4) as a braid generator. We have used w(ξ) as writhe, and
Note that τ 1 (K) is an invariant for (1,1)-tangles, and that we do not take trace over the first space.
Hyperbolicity and Completeness
We have clarified in Ref. 4 how the hyperbolic structure naturally arises from the knot invariant τ 1 (K) in the classical limit γ → 0. Therein, motivated by the fact that the S-operator solves the five-term relation (3), the S-operator is identified in the classical limit with an ideal tetrahedron in H 3 ,
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y y y y y y y y y y g g z 2 Here momenta p a and p a are assigned to every face. Both oriented ideal tetrahedra have modulus z = e p 2 −p2 , and every dihedral angle is fixed as a function of the modulus, z 1 (z) = z, z 2 (z) = 1 − z −1 , and z 3 (z) = (1 − z) −1 , opposite edges having the same angles. The integral with respect to momentum p a is interpreted as gluing two faces having the same momentum to match the orientation of every edge. One sees that the five-term relation (3) is simply realized as the 2 ↔ 3 Pachner move. Correspondingly, the R-matrix (4) can be depicted as an oriented ideal octahedron, Our main claim in Ref. 4 is that the saddle point conditions which are derived from the classical limit of τ 1 (K), exactly coincide with the hyperbolicity consistency conditions in gluing ideal tetrahedra. Generally, to endow the hyperbolic structure in a 3-manifold M which is constructed by gluing together a finite collection of ideal tetrahedra, we should check the completeness condition besides the hyperbolicity consistency conditions. 10 We shall show that this completeness condition is fulfilled by considering the knot invariant as coming from a constituent (1,1)-tangle.
In computing τ 1 (L) from a (1,1)-tangle, we cut the link L at a point which is located on an alternating segment of L (left figure below), 
We glue together faces, p 3 and p 4 , and part of the developing map is written as the right figure above (see Ref. 5 for some discussion). The completeness condition can be read from this picture as
On the other hand, the contribution from this segment to the invariant is given by
Here we have assumed p 3 = p 4 = P as we are studying the (1,1)-tangle. Substituting Eqs. (6)- (7) as the limit γ → 0, we obtain the saddle point condition as
When we set p 3 = p 4 = P = ±∞, we find that the saddle point equation (15) coincides with the completeness condition (14) . We can see that other completeness conditions can be deduced from Eq. (14) with the help of the hyperbolic consistency conditions (13) in constructing the R-matrix. As a result, by constructing the invariant of link L from a constituent (1,1)-tangle and substituting a specific value therein, we can see a correspondence between the completeness conditions and saddle point equations. Combining our previous result 4 that the hyperbolicity consistency conditions coincide with the saddle point equations, we can conclude that the invariant τ 1 (L) with the 3-dimensional picture (11) gives an ideal triangulation of the knot complement, and that Eq.(9) will indicate a coincidence between the asymptotic value of our invariant at the critical point and the hyperbolic volume of the knot complement.
Quantum Invariant of Manifold
We define a quantum invariant of manifold M in terms of the S-operator (1). When 3-manifold M admits a hyperbolic structure of finite volume, the 3-manifold M is constructed by gluing a finite collection of oriented ideal tetrahedra. We assign an S-operator to each oriented ideal tetrahedron, and we define the partition function of M by
Here we need to assume a constraint for p which corresponds to the completeness condition of M . As was studied in the previous section for the case of the knot invariant τ 1 (L), the hyperbolicity consistency conditions are given as the saddle point equations in the integral over p, while the completeness conditions are controlled by considering a (1,1)-tangle of link L. It should be noted that the idea of assigning a solution of the five-term relation to a tetrahedron, 16, 17 where the Regge action is derived from the asymptotic value of the classical 6j-symbol for large j, is well known. We have rather clarified that the S-operator (1) denotes a quantization of the hyperbolic ideal tetrahedron.
Examples
We consider knots K = 4 1 and 5 2 ,
As is well-known, these knots are hyperbolic, and the complements of the knots can be constructed by gluing ideal tetrahedra (see, e.g. Refs. 18, 19) . Indeed the ideal triangulation can be done following Ref. 4 , and we get the quantum invariant by assigning S-operators to each oriented ideal tetrahedron,
The constraint δ ··· represents the completeness condition. In the small-γ limit, these integrals respectively reduce to
After applying the saddle point method whose conditions exactly coincide with the hyperbolicity gluing conditions and completeness conditions, we see 
where Vol and CS respectively denote the hyperbolic volume and the Chern-Simons invariant of M .
Concluding Remarks
We have studied how the knot invariant τ 1 (L) is related with the hyperbolic geometry H 3 in the limit γ → 0. We have shown that not only the hyperbolicity consistency conditions but also the completeness conditions can be derived from the saddle point equations when we consider the invariant of a link L as resulting from the invariant of a (1,1)-tangle.
Based on the S-operator (1), we have defined the partition function (16) of 3-manifold M . Once M is triangulated into a finite collection of ideal tetrahedra, the volume Vol(M ) is given by a summation, i D(z i ), where modulus z i satisfies a set of hyperbolicity and complete conditions. Recalling that the S-operator and its imaginary part respectively reduce to the Rogers dilogarithm function L(z) and the Bloch-Wigner function D(z) at the critical point (9), the conjecture (17) seems to be reasonable. However, the Rogers dilogarithm function L(z) is a multi-valued function of z, with singularities at 0 and 1, and the value on the universal abelian cover of C \ {0, 1} is given with an integer pair (c 1 , c 2 ) as 13 L(z) + iπ 2 (c 1 log(1 − z) + c 2 log(z)). In computations such as for K = 6 1 , we need such terms to get "correct" answers. It remains for future studies to discover how to specify the branch of L(z) in the small-γ limit.
From a physical point of view, the hyperbolic geometry or the Euclidean AdS receives much attention based on the AdS/CFT correspondence. As it is well known that the Einstein-Hilbert action can be rewritten in terms of the CS action, 22, 23 our result which relates the partition function Z(M ) with H 3 and CS will be promising in further studies of quantum gravity.
